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Dynamics of stiff polymers mapped from an Ising model
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In this note we discuss the dynamics of a simple matrix

model for stiff polymers. The underlying basis of these

models is a mapping of the spatial conformation of a single

chain from one-dimensional Ising or Potts descriptions of

configurations.

Many of the computations can be performed by drawing

upon the knowledge about these one-dimensional magnetic

models, i.e. transfer matrices can be used to determine

averages. The rotational isomeric state (RIS) model of Flory

[1] and the helix-coil model by Zimm and Bragg [2] are

well-known and much-used examples of such formalism.

Dynamics for the Ising model were postulated in the

seminal works of Glauber [3] and of Kawasaki [4]. Here we

shall use these ideas, as summarized in [5], to note briefly

what such dynamics imply for the relaxation of the stiff

polymers described by matrix models. We note that the

dynamics of the helix-coil model has been investigated

extensively [6–9]. Recently, atomistic simulations have

again investigated aspects of conformational diffusion for

helix formation (see [10] and references therein).

The model in Ref. [11] describes a polymer chain of N

bonds, to each of which is associated an Ising variable s ¼

^1: There are two parts to the mapping of the Ising

variables to the three-dimensional spatial form of the

polymer. Firstly, we assign meaning to s: when s ¼ 21

we say that the polymer chain segment following the bond

described by s has exactly the same orientation as the

segment preceding the s ¼ 21 bond. For the case s ¼ þ1

the orientation of the chain changes. The second part of the

model describes how the orientation changes. This is

achieved very simply, for example, by stipulating that

each time the segment direction changes it changes to the

next bond vector in a cyclic sequence of unit vectors

{t̂1; t̂2; t̂3; t̂4;…; t̂1; t̂2;…}: In so doing the polymer configur-

ation is completely described. Together with the usual

nearest-neighbor Ising Hamiltonian in homogeneous exter-

nal field, it is possible to compute the free energy and

averages of the conformation of the chain and to derive

force-extension relationship with constrained chain-end

directions.

If a single Ising spin in the middle of a relatively straight,

stiff, and long molecule were to flip the two parts of the

chain on either side of the flipped bond would be strongly

re-oriented in space (according to the model described

above). Such a fast change is clearly unlikely when inertial

effects of the molecule are considered and rule out (for the

present situation) the types of dynamics considered relevant

for the helix-coil model (see, e.g. [6]). It is far more likely

that the molecules of our model relax by letting either bends

move towards and off the chain ends or by letting bends be

added at the ends in order to diffuse to central regions of the

molecule. (We do not consider here the more complicated

situation of the nucleation of multiple complicated combi-

nations of kinks which would could only affect the overall

chain conformation to a little extent.)

Under such very general considerations Glauber

dynamics would represent an inappropriate choice for the

dynamical behavior of a stiff chain, in that spin flips

(‘bends’ or ‘straightenings’) could occur anywhere on the

molecule with equal probability. In the following para-

graphs we make use of well-established results to model the

entrance and exit of bends at the ends of the chain (the ‘bend

bath’ approach) and to model the general spin-preserving

diffusion within the chain.

For the first scenario we make use of the results of

Blender, et al. on hopping diffusion across an interface [12].

In this work transport equations are written down and solved

for hopping on two semi-infinite Ising lattices which are

joined at the site labeled by 0. The transport equations are

given for the occupation number realization of the Ising

system ni ¼ ð1 þ siÞ=2 for the case where there is no
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interaction term between neighboring lattice sites. The rate

of change of occupation number, for hopping rates a in the

region i . 0 and b for i , 0; is given by

dni

dt
¼

aðniþ1 2 2ni þ ni21Þ; i . 0

aðn1 2 n0Þ þ bðn21 2 n0Þ; i ¼ 0

bðniþ1 2 2ni þ ni21Þ; i , 0

8>><
>>: ð1Þ

The solution of this transport Eq. (1) with the boundary

condition

niðt ¼ 0Þ ¼
1; i # 0

0; i . 0

(
ð2Þ

is readily obtained by Laplace transformation in [12]. The

result of Blender, et al. we use, is the time-dependent

penetration length j^ðtÞ ¼
P1

i¼1 in^iðtÞ (given in the

Laplace variable s associated with the time t):

~jþðsÞ ¼
a

s
~n0ðsÞ ð3Þ

~j2ðsÞ ¼
b

s
~n0ðsÞ2

1

s

� �
ð4Þ

with

~n0ðsÞ ¼
1

s

ffiffiffiffiffiffiffiffiffi
s þ 4b

p
þ

ffiffi
s

p

ffiffiffiffiffiffiffiffiffi
s þ 4b

p
þ

ffiffiffiffiffiffiffiffiffi
s þ 4a

p : ð5Þ

The boundary condition (2) could represent the polymer in

the region i $ 0; which is originally straight (every

s ¼ 21) coupled to a ‘bath of bends’, i , 0: These bends

move into the chain at the chain end reaching a depth given

by Eq. (3) after a certain time.

The rate constants a and b must be associated with the

original Ising Hamiltonian parameters of the chain model,

H ¼
P

i hsi: This can be done by comparing statistical

mechanical averages to the large time limit of values for the

dynamical formalism. Eventually the ratio of the density of

bends on the chain @þ to the density of bends in the bath @2

becomes:

@þ

@2

¼
@þ

1=2 2 @þ

¼ lim
s!0þ

P
i$0niP
i#0ni

¼ lim
s!0þ

P
i$0 ~n0xiP

i#0½ð~n0 2 1=sÞyi þ 1=s�
;

ð6Þ

with

x ¼
4a

ð
ffiffiffiffiffiffiffiffiffi
s þ 4a

p
þ

ffiffi
s

p
Þ2

ð7Þ

and

y ¼
4b

ð
ffiffiffiffiffiffiffiffiffi
s þ 4b

p
þ

ffiffi
s

p
Þ2
: ð8Þ

Here we have made use of Eqs. (8) and (9) in Ref. [12] and

of the fact that the total density equals 1/2. Eq. (6) can be

solved for @þ with the condition that @þ ¼ 1=4 if a ¼ b :

@þ ¼
1

2

a

aþ b

� �
: ð9Þ

Comparing this with the result from equilibrium statistical

mechanics, where

@equil ¼
2sinh h þ 1

4cosh h
ð10Þ

means that we can assign a value to the ratio a=b through:

2sinh h þ 1

4cosh h
¼

1

2

a

aþ b

� �
: ð11Þ

In the second situation we make use of the results of

Kawasaki’s model kinetics [4] where nearest-neighbor spins

can be exchanged maintaining the total spin and where there

is an interaction between these nearest neighbors. We view

this process as the motion, somewhere within our polymer

chain, of bends. Kawasaki approximates the master

equation for the normalized spin distribution function by

using a local equilibrium distribution. When the spin density

varies slowly in space its resulting expression reduces to a

diffusion equation with the diffusion constant (quoted from

Ref. [4]):

D ¼
2a

xz

e2K

cosh Kð Þ2

X
{s}½12�

eH½12� ð12Þ

Here the Hamiltonian for nearest-neighbor pairs kijl is H ¼P
kijl Ksisj; the subscript notation ½ij� means that all terms

with occurrences of si or sj are omitted from an expression,

z ¼
P

{s}½12�
expH; and the magnetic susceptibility is x: The

lattice constant has been set equal to 1.

In summary, we have argued that stiff polymers modeled

by mapping from Ising models and with Glauber–Kawasaki

dynamics can show diffusion of bends. For no external

magnetic field in the underlying Ising model of the chain the

diffusion coefficient is the long-known expression given in

Ref. [4]. For no mutual interactions between neighboring

spins we have interpreted the results of Ref. [12] for the non-

equilibrium properties of bends entering and leaving the

ends of the chain. Specifically, these results give a time-

dependent penetration depth into a straight chain. The rate

coefficients of the master equation are related to one another

by referring to the equilibrium state.
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